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We study free fermionic models that host Majorana zero modes using the Majorana orthogonal
transformation, which is a type of transformation between different fermionic models under Majo-
rana representation of complex fermions. Using Majorana orthogonal transformation, a continuous
massive Dirac fermion theory for the doubled px + ipy topological superconductor is obtained. We
perform real-space analysis on the Majorana zero modes in lattice systems; to this end, a certain type
of Majorana hopping models is defined as “simple models”. For simple models in one dimension,
their Majorana zero modes can be classified by the recurrence relations of the wavefunction; specif-
ically the decoupled Su-Schrieffer-Heeger model and the Kitaev chain are discussed as examples. In
two dimensions a simple model realizing the px+ ipy superconductor is introduced. Using Majorana
orthogonal transformation, we show that complex and composite models hosting Majorana zero
modes can be constructed from two independent Majorana hopping models.
I. INTRODUCTION
Topological phases of matter has attracted a lot
of attention in the past decades in condensed matter
physics1–15. One of the physical characteristics of topo-
logical phases is the existence of zero modes associated
with edges or defects of the system1–3,5,13,16,17. The
mathematical indicators of the topological phases are dif-
ferent kinds of topological numbers3,6,7,11. The relation-
ship between a nonzero topological number and the ap-
pearance of edge or defect zero modes is part of the bulk
boundary or bulk defect correspondence3,18. In particu-
lar, suppose we have a gapped free many-body fermionic
system whose Hamiltonian is given by H(m), in which
m is a constant parameter; if the topological number
characterizing its spectrum is nonzero, then for a certain
function m(r), in which r can be the real space posi-
tion, the corresponding defect Hamiltonian H(m(r)) has
one or more single-particle zero-energy states, which is
equivalent to degeneracy in the many-particle spectrum.
The number and the stability of the such zero modes are
related to the nonzero topological number of the original
Hamiltonian H(m)19. The defect created by function
m(r) can be either a point defect or an extended defect
like an edge or a domain wall, both these kinds of de-
fects can have associated zero modes. In particular edges
are associated with one or more one dimensional gapless
modes which are responsible for the transport properties
of the topological system13.
The edge modes and point defect zero mode are not
physically distinct objects in continuous systems like the
quantum Hall liquid, in which an edge zero mode can
be gradually transformed into a point-defect zero mode.
Let’s take the integer quantum Hall system (IQHE) on
a cylinder as in the Laughlin’s argument12, with one ex-
actly filled Landau level. The cylinder has two separate
edges and there is a gapless mode on each of the two
edges13. Now we shrink the size of one edge while enlarg-
ing the other edge, so that the cylinder gradually deforms
into a corbino disk. As the size of the edge gets smaller,
the spectrum of the edge mode becomes discrete and the
gap gets bigger; eventually the only state left in the spec-
trum is the zero mode, which is now associated with the
small point-defect of the corbino disk. However, this pro-
cess does not work for discrete lattice systems in which
point defects and edge defects have different topological
classification for dimension larger than one3,20. Never-
theless point defect zero modes are interesting objects to
study in topological phases.
Another important reason why point-defect zero
modes are interesting is that they can sometimes be
treated as particles which can move around in the topo-
logical systems. In two dimensions (2D) specifically,
these particles can have exotic statistics instead of just
bosonic or fermionic21; thus they are called anyons
and they have many potential applications in quantum
computation14,15,22. In this paper, we are interested
in gapped free fermionic systems, including insulators
and superconductor Bogoliubov-de Gennes (BdG) sys-
tems. In these systems, a complete ten-fold way clas-
sification is achieved based on symmetries and topo-
logical numbers2,3,20,23. As opposed to interacting sys-
tems in 2D, in which there are many types of anyonic
statistics15,22,24, in free fermionic systems the possible
particle types are limited. For defect zero modes in these
systems, the most fundamental building block is Majo-
rana fermion. A Majorana fermion is a fermionic par-
ticle that is its own antiparticle, specifically the Ma-
jorana operator ηi satisfy η
†
i = ηi; for two Majorana
fermions ηi and ηj , we have the anticommutation re-
lation {ηi, ηj} = 2δij . In condensed matter physics, a
single spinless complex fermion ci can be decoupled into
two Majorana fermions ηαi , η
β
i : c
†
i =
1
2 (η
α
i + iη
β
i ); con-
versely two Majorana fermions can be paired up to form
a complex fermion; such relation can be intepretted as
Majorana representation of complex fermion. In 2D sys-
tems, Majorana zero modes have non-Abelian statistics
when braiding among themselves1,15,22,25.
Due to these exotic nature and applications there have
been a lot of attention on Majorana zero modes in topo-
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2logical systems26–29. A few models with defect Ma-
jorana zero modes have been proposed, these include
the 2D px + ipy topological superconductor
1,5 and the
1D p-wave superconducting Kitaev chain30. Specifi-
cally the full vortex defects in the 2D px + ipy super-
conductor of spinless fermions support Majorana zero
modes, which has been argued theoretically using dif-
ferent approaches5,31–34. Experimentally it has possible
realization in Sr2RuO4
35,36. Similarly, the Kitaev chain
has Majorana edge zero modes, it inspires various ex-
perimental realizations of Majorana zero modes in 1D
systems37–40. Other proposals for Majorana zero modes
involves topological insulators41,42.
Theoretical studies of Majorana zero modes share sim-
ilar interests, which include what models can host Ma-
jorana zero modes and why Majorana zero modes ap-
pear in these models. Traditional approaches of these
questions usually focus on complex fermion models and
their topological numbers in momentum space. In this
paper, we try to formulate systematically a real-space
method to study Majorana zero modes in various topo-
logical systems based on the Majorana representation of
complex fermions. Our approach starts with the fact
that all free complex fermionic models can be mapped
into Majorana hopping models under Majorana represen-
tations; conversely for a given Majorana hopping model,
the Majorana fermions can be paired up in different ways
to form different complex hopping models. We argue
that this process corresponds to the Majorana orthogonal
transformations, which define dualities between complex
fermion models43. General Majorana orthogonal trans-
formations include stacking two different models or dou-
bling a single model and gluing them together by Majo-
rana fermions decoupling and pairing. These transfor-
mations between complex fermion models preserve the
spectrum and the symmetries of the model, very impor-
tantly they also preserve the existence of zero modes. Us-
ing Majorana orthogonal transformations, we can achieve
new understanding of the models that host Majorana
zero modes. Specifically, by doubling the system, we ob-
tain a massive Dirac fermion theory of the continuous
px + ipy topological superconductor model. The appear-
ance of vortex zero mode is thus related to the parity
anormaly of the massive Dirac fermion in 2D. For lat-
tice models with Majorana zero modes, we focus on the
corresponding Majorana hopping models. To this end
we introduce the notion of simple models which include
the decoupled 1D Su-Schrieffer-Heeger (SSH) model and
the Kitaev chain. We show that for 1D simple mod-
els, their Majorana zero modes can be classified based
on the wavefunction recurrence relation. We also con-
struct a 2D simple Majorana hopping model that realizes
the px + ipy superconductor at low energies. Finally we
show that the Majorana orthogonal transformations can
be used to construct new models hosting Majorana zero
modes by stacking and gluing together two independent
models. We discuss two examples of such construction in
1D, namely from the Kitaev chains and from generalized
Kitaev chains. The resulting composite models usually
have spinful complex fermions and thus may be useful to
overcome the “fermion doubling” problem26 for finding
Majorana zero modes in real materials. Obviously the
possibilities of such constructions are limitless.
The rest of the paper is organized as follows. In Sec. II,
we start with a discussion on the mapping between com-
plex hopping models and Majorana hopping models and
the Majorana orthogonal transformations; we then move
on to discuss the definition and properties of the defect
zero modes under Majorana orthogonal transformation
and we point out another possible origin of Majorana
hopping models from a certain type of exactly solvable
interacting models. In Sec. III, we consider the contin-
uous theory of px + ipy topological superconductor and
obtain a massive Dirac fermion theory for the doubled
system. We then move on to lattice models in Sec. IV,
in which we consider three simple models, namely the
SSH model, the Kitaev chain and a 2D model realizing
the px + ipy topological superconductor. In Sec. V, we
discuss the application of Majorana orthogonal transfor-
mation to construct composite and more complex models
and we give two examples in 1D. The paper concludes in
Sec. VI with some discussions for future studies.
II. THE ORIGIN OF MAJORANA HOPPING
MODELS, MAJORANA ORTHOGONAL
TRANSFORMATIONS AND ZERO MODES
In this section, we start by considering the relationship
between a Majorana hopping model and a complex hop-
ping model. This question contains three parts. First, we
look at how a complex model is decoupled into a Majo-
rana hopping model. Second, we try to understand how
Majorana hopping models are transformed into complex
models by pairing up Majorana fermions in a certain way.
There are multiply ways for both these two processes.
In particular, a complex model can be decoupled into a
Majorana model which is subsequently paired up in a
different way to form a different complex fermion model.
We study the relationship between these two complex
models and introduce the notion of Majorana orthogonal
transformation43. We then turn to study the properties
of the zero modes under Majorana orthogonal transfor-
mations. Finally, we point out another origin of the Ma-
jorana hopping models from a certain type of exactly
solvable strongly correlated models.
II.1. From complex hopping model to Majorana
hopping model
Here we study how a general complex fermion hopping
model can be decoupled into a Majorana hopping model.
We take the general spinless complex fermion model with
3BCS pairing term
H =
∑
〈ij〉
tijc
†
i cj + t
∗
ijc
†
jci + ∆ijcicj + ∆
∗
ijc
†
jc
†
i . (1)
Each complex fermion can be decoupled into two Majo-
rana fermions, which we call ηαi and η
β
i ,
c†i =
1
2
(ηαi + iη
β
i ), ci =
1
2
(ηαi − iηβi ). (2)
Using these decoupling, the Hamiltonian (1) is trans-
formed into
H = 1
2
∑
〈ij〉
(
Im tij + Im ∆ij
)
iηαi η
α
j
+
(
Re tij − Re ∆ij
)
iηβi η
α
j
−(Re tij + Re ∆ij)iηαi ηβj
+
(
Im tij − Im ∆ij
)
iηβi η
β
j .
(3)
One can add a chemical potential term to the complex
fermion Hamiltonian (1). In particular, such term is
transformed as follows,∑
i
µic
†
i ci =
∑
i
1
2
µi(1− iηαi ηβi ). (4)
Under certain conditions, the resulting Majorana hop-
ping model (3) and (4) automatically decouple into two
independent Majorana hopping models. In particular,
there are two such possibilities. First, for tij and ∆ij
being purely imaginary and µi ≡ 0, the complex fermion
Hamiltonian can decouple into two independent Majo-
rana hopping models for {ηαi } and {ηβi } respectively. Sec-
ond, sometimes the lattice sites can be grouped into two
sets A and B with all the Majorana hopping paths 〈ij〉
connecting one sites belonging to group A and the other
belonging to group B. In this situation, if tij and ∆ij are
purely real and µi ≡ 0, the complex fermion Hamiltonian
also decouples into two layers of independent Majorana
hopping models. In particular, one layer of Majorana
hopping model involves {ηαi } on A sites and {ηβi } on B
sites; the other layer involves {ηβi } on A sites and {ηαi }
on B sites.
II.2. From Majorana hopping model to complex
hopping model
Given a Majorana hopping model, there are multiple
ways to pair up the Majorana fermions and obtain com-
plex models. As pointed out by the previous section,
there are two situations. The Majorana hopping model
may form a single connected layer in which every lattice
point can reach to any other lattice point following the
Majorana hopping path. In another situation the Ma-
jorana hopping model can form two independent layers
and still corresponds to a single layer complex fermionic
model under certain pairing scheme.
We start by considering the single layer Majorana hop-
ping models. To obtain a complex hopping model, we
first pair up sites within the layer. This method can be
referred to as intralayer pairing. For each pair of Majo-
rana fermion we use i and j to label its position. Within
the pair i, we assign superscripts α and β to the two
Majorana fermions, ηαi and η
β
i , the complex fermion is
thus defined by c†i =
1
2 (η
α
i + iη
β
i ). After the pairing, the
most general single layer Majorana hopping model can
be written as
H =
∑
ij
iAααij η
α
i η
α
j + iA
ββ
ij η
β
i η
β
j + iA
αβ
ij η
α
i η
β
j + iA
βα
ij η
β
i η
α
j
−
∑
i
i
2
µiη
α
i η
β
i .
(5)
All the coefficients Aij and µi are real numbers. The
complex hopping model in the form of (1) can be ob-
tained by comparing (5) with (3) and (4). Specifically,
the condition for the resulting complex hopping model to
be an insulator is Aααij = A
ββ
ij and A
αβ
ij = −Aβαij . If this
condition is not satisfied, the resulting complex Hamilto-
nian will be a supercondutor BdG type of Hamiltonian.
We then move on to consider a double layer Majo-
rana hopping model. By definition, there is no interlayer
hopping between Majorana fermions and there is a one-
to-one correspondence between the sites of the two layers
hence they can be labeled by the same simbols. The gen-
eral double layer Majorana Hamiltonian can be written
as
H = HA ⊕HB =
∑
〈ij〉
iAijηiηj + iBij η˜iη˜j , (6)
in which we used ηi and η˜i to denote corresponding Ma-
jorana fermions on the two layers respectively. The two
layers can be referred to as layer A and layer B. To
obtain a complex fermion model, we then pair up the
Majorana fermions on the same site and define complex
fermion
c†i =
1
2
(ηi + iη˜i), ci =
1
2
(ηi − iη˜i). (7)
Conversely we have ηi = ci + c
†
i , η˜i = i(ci − c†i ). Ac-
cording to these, the Hamiltonian (6) can then be written
as
H =
∑
〈ij〉
i(Aij−Bij)(cicj+c†i c†j)+i(Aij+Bij)(c†i cj+cic†j).
(8)
Such pairing can thus be referred to as interlayer pair-
ing. Specifically, if the two layers have identical hopping
coefficients, namely Aij = Bij for every bond, then the
resulting Hamiltonian is an insulator instead of a super-
conductor BdG system.
Some discussion is in order before we move on. First,
for a single layer Majorana hopping model, it is always
4possible to double the system by introducing another copy
of the model and subsequently treat them as a double
layer system. We will discuss this method further later
on in this paper. Second, it is important to note that
the transformation between complex hopping model and
Majorana hopping model works in any spatial dimension.
For example, a single layer system can be defined on a
three-dimensional lattice.
II.3. From complex hopping model to Majorana
hopping model back to another complex hopping
model: Majorana orthogonal transformation
Physical systems are systems of complex fermions.
Following the procedures discussed in previous sections,
starting from any complex free fermion model, we are
able to decouple the complex fermion degrees of freedom
into Majorana fermions and then pair them up in a differ-
ent way to form another complex fermion model. The de-
coupling and pairing can be arbitrary, therefore this pro-
cess defines a transformation between complex fermion
models, with the Majorana model acting as an interme-
diate system43. This transformation involves both par-
ticles and holes, thus it is an unitary transformation on
the Nambu spinor space of the original complex fermion
system. In this section we explore the nature of this
transformation.
The first type of the transformation works for single
layer Majorana hopping models. For single layer Majo-
rana system, the original physical Hamiltonian can be
denoted by H(ci, c†i ), in which ci are the original com-
plex degrees of freedom. As the system is a free fermion
model, the corresponding many-particle Hamiltonian can
be written as3
H(ci, c†i ) = Ψ†iHijΨj , (9)
in which Ψ is the Nambu spinor Ψ =
(c†1, · · · , c†N , c1, · · · , cN )T , N is the total number of
complex fermions in the system. A decoupling into
Majorana fermions and then pairing them up in another
way correspond to the following process
{c†i} → {ηαi , ηβi } → {d†i}, i = 1, 2, · · · , N. (10)
Here, di denotes the final complex fermion degree of free-
dom. Defining Φ = (d†1, · · · , d†N , d1, · · · , dN )T , we have
Φ = UΨ, U†U = I. For the many-particle Hamiltonian
we have
H(ci, c†i )→ H(di, d†i ) = Φ†H˜Φ. (11)
The corresponding single particle Hamiltonian satisfies
H˜ = UHU†.
The second type of the transformation works for double
layer Majorana system. For a given double layer Majo-
rana hopping model, one can perform intralayer pairing
for the two layers independently, so that the double layer
Majorana hopping model corresponds to two layers of
complex fermion modes which do not talk to each other.
One can take this double-layer complex fermion system
as the original physical model and their Hamiltonians
can be denoted as HA(cAi , cA†i ) and HB(cBi , cB†i ). The
total Hilbert space is captured by the Nambu spinor Ψ =
(cA†1 , · · · , cA†N , cA1 , · · · , cAN , cB†1 , · · · , cB†N , cB1 , · · · , cBN ) =
ΨA ⊕ ΨB . The Hamiltonian acting on the total Hilbert
space can be written as
HA+B = HA ⊕HB = Ψ†HA+BΨ. (12)
The single particle energy eigenvalues and eigenstates of
the system are given by the combination of those of the
two subsystems; the many-particle eigenstates and eigen-
values can be obtained accordingly. From the double-
layer system, the interlayer paring of Majorana fermions
corresponds to the following
{cA†i , cB†i } → {ηαi,A, ηβi,A, ηαi,B , ηβi,B} → {d†j},
i = 1, · · · , N, j = 1, · · · , 2N.
(13)
Here we use dj to denote the final com-
plex fermion degrees of freedom. Defining
Φ = (d†1, · · · , d†2N , d1, · · · , d2N )T , the transforma-
tion (13) is then captured by the unitary transformation
Φ = UΨ. Furthermore, we have the Hamiltonian
transforms as
HA+B → H(di, d†i ) = Φ†H˜A+BΦ, (14)
in which single particle Hamiltonian H˜A+B =
UHA+BU
†. For double-layer Majorana hopping models,
if the original and final complex model are both single-
layer, the transformation is still the first type. On the
contrary, in the second type of transformation, by double-
layer pairing of Majorana fermions, two layers of inde-
pendent complex fermion models are added together into
another complex fermion model. In general, this process
can be applied to any number of layers. Here in this
paper, we focus on the double layer situation.
From another point of view, one can establish a one-
to-one correspondence between {ci} and {di} fermions.
With this correspondence, the two types of transfor-
mations discussed above correspond to an interchange
among the Majorana fermions {ηi} and an orthogonal
transformation on the single-particle Majorana Hamilto-
nian. On the other hand, a U(1) phase transformation of
the complex fermion ci and di will not change physical
properties of the system, provided that the single parti-
cle Hamiltonian changes accordingly. It corresponds to a
O(2) rotation of the Majorana fermions. Under the defi-
nition c†i =
1
2 (η
α
i + iη
β
i ), we have c
†
i → eiθc†i corresponds
to (
ηαi
ηβi
)
→
(
cos θ − sin θ
sin θ cos θ
)(
ηαi
ηβi
)
. (15)
These two types of transformations on the Majorana
fermions indicates that the transformation U on the
5Nambu spinor does not span the whole unitary group
but rather span the orthogonal group of the Majorana
fermions. To see this, it is important to note that there
is a physical constraint on the unitary transformation
group imposed by the Nambu spinor structure, namely
σˆxΨ = (Ψ
†)T , σˆxΦ = (Φ†)T , (16)
in which σˆx is the Pauli matrix acting on the particle-
hole space of the Nambu spinor. Since we have Φ = UΨ,
this means that σˆxUΨ = U
∗(Ψ†)T , which in turn implies
the following constraint on the unitary transformation
matrix
σˆxUσˆx = U
∗. (17)
Considering these, we see that the full transformation
group in the Nambu spinor space of the complex fermion
corresponds to the O(2N) rotation group in the Majo-
rana fermion space. Namely, with the definition ηα =
(ηα1 , · · · , ηαN )T , and ηβ = (ηβ1 , · · · , ηβN )T , we have the cor-
respondence between orthogonal transformation of the
Majorana fermions(
ηα
ηβ
)
→ R
(
ηα
ηβ
)
, R ∈ O(2N) (18)
and unitary transformation of the complex fermions with
constraint
Ψ→ UΨ, U ∈ U(2N), σˆxUσˆx = U∗. (19)
Further mathematical consideration is needed to confirm
such a correspondence; nevertheless, we will refer to these
transformation as Majorana orthogonal transformations.
Obviously the Majorana orthogonal transformations
preserve the spectrum of the model. It also preserves
the symmetries of the model. Specifically if H = Ψ†HΨ
has a symmetry Tˆ , such as translational symmetry, then
for single particle Hamiltonian we have [H, Tˆ ] = 0. For
the transformed Hamiltonian H = Φ†H˜Φ, H˜ = UHU†,
there is a corresponding symmetry Tˆ ′ = UTˆU†, such that
[H˜, Tˆ ′] = 0. Therefore the Majorana orthogonal transfor-
mations define a duality between complex fermion mod-
els, which is referred to as Gaussian duality in Ref. 43.
II.4. Zero mode in free fermionic systems
We now move on to discuss zero modes in free fermionic
systems. For a general fermionic hopping model H =
Ψ†HΨ = Ψ†iHijΨj , if an operator
ζ =
∑
i
λiΨi (20)
has the property that [ζ,H] = 0, then the operator ζ is
called a zero mode of the model. If ζ = ζ† then ζ is
a Majorana zero mode; otherwise if ζ 6= ζ†, then ζ is a
complex zero mode. The set {λi} is called the wavefunc-
tion of the zero mode. It is not the wavefunction in the
normal sense because it involves both complex fermionic
creation and annihilation operators. More precisely, it is
a generalized wavefunction in the Majorana space. If the
amplitude |λi|2 in {λi} wavefunction is peaked at some
point and decay exponatially with the distance from that
point, then the zero mode is point-like localized and the
position of the zero mode can thus be defined44.
If ζ is a complex zero mode, then we have both
[ζ,H] = 0 and [ζ†,H] = 0. From that we can construct
two Majorana operators which are independent from each
other, 12 (ζ+ζ
†) and i2 (ζ−ζ†). These two Majorana modes
satisfy [ 12 (ζ + ζ
†),H] = 0 and [ i2 (ζ − ζ†),H] = 0, which
means one complex zero mode can always be decoupled
into two independent Majorana zero modes. If the model
has even number of Majorana zero modes, they can also
be paired up into several complex zero modes. Fermionic
systems with finite sizes always have even number of Ma-
jorana zero modes by physical requirement, but these
modes are not necessarily close to each other. The situ-
ation is special when the model has one single Majorana
zero mode or an odd number of Majorana zero modes
around a certain point and other zero modes located far
away from them.
Next we consider the properties of the zero modes when
the system undergoes Majorana orthogonal transforma-
tion. For single layer pairing (10), if the model has a lo-
calized zero mode for H(di, d†i ), then it has a correspond-
ing localized zero mode for H(ci, c†i ). We have wave func-
tion transformation ζ =
∑
i λiΦi =
∑
i λ˜jΨj , in which
λ˜j =
∑
i λiUij . For the resulting zero mode to be local-
ized, the transformation itself must be local, namely the
Majorana fermions can only be interchanged with other
Majorana fermions nearby.
For double layer pairing (13), we have the result
that if the total Hamiltonian HA+B has a zero mode
then it is equivalent to the fact that at least one of
the layers has a corresponding zero mode. To prove
this statement, we assume that the zero mode in
the total Hamiltonian is ζA+B =
∑
i λiΦi, satisfying
[ζA+B ,HA+B ] = 0. Considering the transformation
we have that [
∑
ij λiUijΨj ,Ψ
†HA+BΨ] = 0. Defining
λ˜j =
∑
i λiUij , this can be written as
[
∑
j
λ˜jΨj ,Ψ
†HA+BΨ] = 0. (21)
Since Ψ = ΨA ⊕ ΨB , we can decouple ∑j λ˜jΨj =∑
jA
λ˜jAΨ
A
j +
∑
jB
λ˜jBΨ
B
j . So the commutator (21) can
be written as[∑
jA
λ˜jAΨ
A
j +
∑
jB
λ˜jBΨ
B
j ,HA ⊕HB
]
= 0 (22)
Because the commutator [ΨAj ,HA] cannot be a num-
ber, so we have [
∑
jA
λ˜jAΨ
A
j ,HA] = 0, and
6[
∑
jB
λ˜jBΨ
B
j ,HB ] = 0. Since the wavefunctions {λ˜jA}
and {λ˜jB} cannot both be zero, we have at least one of
the layers has a zero mode. On the other hand, if one of
the layers has a zero mode, say layer A has a zero mode
ζA =
∑
jA
λ˜jAΨ
A
j , then we have [ζ
A,HA] = 0. This in
turn means that [ζA,HA+B ] = 0, so ζA is a zero mode
for the double layer system. Now the statement is proved
by combining these two arguments.
In general Majorana orthogonal transformations pre-
serve the existence of the zero modes, namely if the orig-
inal model has a zero mode, the final model must have
a corresponding zero mode. To summarize, the duality
between complex free fermionic models under Majorana
orthogonal transformations and the shared properties be-
tween them are illustrated by the following diagram.
Complex
model
{ci}
decoupling−−−−−−−→
←−−−−−−
pairing
Majorana
model
{ηαi , ηβi }
pairing−−−−−−→
←−−−−−−−
decoupling
Complex
model
{di}
←−−
−
←−− ←−−
−
spectrum,
symmetries,
zero mode ζ
II.5. Majorana hopping models reduced from
exactly solvable interacting models
Before moving on, we consider another possible origin
of the Majorana hopping models in fermionic systems.
Inspired by the Kitaev honeycomb model15, we are able
to construct certain exactly solvable interacting models
that have a lot of conserved Majorana bilinears and can
therefore be reduced to Majorana hopping models45. To
introduce the model, we construct a lattice that has n
bonds connecting to a vertex (site); then we put n + 1
Majorana fermions on each vertex and denote them by
η and γα, α = 1, · · · , n. For n being an odd integer, the
number of Majorana fermions on each vertex is even and
it is possible to define a local Hilbert space for fermions
by pairing up the Majorana fermions on every vertex. We
label the bonds of the lattice by 1, · · · , n with each type
of bond appears once and only once around each vertex.
The Hamiltonian of the interacting Majorana model is
given by
H =
∑
〈ij〉α
itαij(ηiηj) + (−Jαij)(ηiηj)γαi γαj , (23)
in which α takes the values 1, · · · , n depending on the
type of the bond 〈ij〉. The model has the form of a t−J
model for Majorana fermions. It is exactly solvable by
noting that the link variables γαi γ
α
j commute with other
Majorana fermion bilinears in the Hamiltonian and hence
commute with the Hamiltonian itself. The γαi Majorana
fermions have no dynamics and we can introduce static
Z2 variables
σzij = iγ
α
i γ
α
j . (24)
The model Hamiltonian (23) is then transformed into
H =
∑
〈ij〉α
i
(
tαij + J
α
ijσ
z
ij
)
ηiηj . (25)
Once the distribution of the Z2 variables σ
z
ij is de-
termined, the model is transformed into a Majo-
rana hopping model for η Majorana fermions, H =∑
〈ij〉α iA
α
ijηiηj , with A
α
ij = t
α
ij + J
α
ijσ
z
ij . Physical eigen-
states of this model contain the distribution of the Z2
variables and the corresponding fermionic state, they can
be written as |ψ〉Phys = |{σzij}〉 ⊗ |η{σ}〉. Without the
proper Gauss law constraints1,46–48, the model cannot
be intepreted as Z2 lattice gauge theory, the spectrum
of the model thus has a huge degeneracy. But this will
not influence the fact that the discussions on the Majo-
rana hopping models from free complex models can be
brought into this type of models. In particular, the re-
sults on Majorana zero modes may be brought to this
model with some modifications. Detailed study on this
is left for the future.
III. DIRAC FERMION THEORY OF px + ipy
TOPOLOGICAL SUPERCONDUCTOR
In this section, we apply the Majorana orthogo-
nal transformation to study the px + ipy topological
supercondutor5 of spinless complex fermion. To this
end, we obtain a massive Dirac fermion theory for the
doubled system, using which we explicitly relate the ap-
pearance of Majorana zero modes around vortex cores to
the parity anormaly of the massive Dirac fermion. The
purpose of this study is threefold. First, the Majorana
zero mode that appears in px+ ipy topological supercon-
ductor can be seen as a “prototype” of the Majorana
zero modes in various models25,31–34; second, the dis-
cussion illustrates the application of Majorana orthog-
onal transformation to a continuous model rather than
lattice fermionic models; third, our method is indepen-
dent of previous approaches5,31–34 for the Majorana zero
modes and it results in some new understanding of known
physics of Majorana zero modes.
III.1. Majorana orthorgonal transformation for the
px + ipy topological superconductor
We start with a general superconducting Hamiltonian
of spinless fermion c in the real space,
HF =
∫
d2xd2x′
[
c†(x)hˆ(x,x′)c(x′)+
∆(x,x′)c†(x)c†(x′) + ∆∗(x,x′)c(x′)c(x)
]
.
(26)
7In the Hamiltonian (26), the first term includes the ki-
netic energy and the chemical potential terms, it satis-
fies hˆ∗(x,x′) = hˆ(x′,x). Furthermore we assume that
hˆ is real, so it is even under exchange of coordinate
hˆ(x,x′) = hˆ(x′,x). On the other hand, following from
fermion statistics, the pairing field ∆ is odd under ex-
change of coordinates, ∆(x,x′) = −∆(x′,x).
For the next step, we decouple the fermionic fields c(x)
into Majorana fields ηα(x) and ηβ(x),
c†(x) =
1
2
(ηα(x)+iηβ(x)), c(x) =
1
2
(ηα(x)−iηβ(x)).
(27)
In terms of these Majorana fields, the Hamiltonian (26)
can be written as
HF =1
4
∫
d2xd2x′×{(
hˆ(x,x′) + 2i Im ∆(x,x′)
)
ηα(x)ηα(x′)
+
(
hˆ(x,x′) + 2 Re ∆(x,x′)
)
iηβ(x)ηα(x′)
+
(− hˆ(x,x′) + 2 Re ∆(x,x′))iηα(x)ηβ(x′)
+
(
hˆ(x,x′)− 2i Im ∆(x,x′))ηβ(x)ηβ(x′)}.
(28)
Now we introduce another copy of the same system,
with the same Hamiltonian (28), in which the corre-
sponding Majorana fermion fields are η˜α and η˜β . The
new system has no coupling with the original system and
the Hamiltonian can be written as H˜F (η˜α, η˜β). Accord-
ing to (12), the Hamiltonian of the doubled systems is
HF (ηα, ηβ)⊕H˜F (η˜α, η˜β), which acts on the total Hilbert
space of the two copies of the system. Applying a Ma-
jorana orthorgonal transformation, we can pair up the
Majorana fields in a different way and define new com-
plex fermion field
f†µ(x) =
1
2
(ηµ(x) + iη˜µ(x)), µ = α, β. (29)
Using the fact that hˆ is real and even under coordinate
exchange and ∆ is odd under coordinate exchange we
can write the Hamiltonian HF ⊕H˜F in terms of the new
fermion field as
HF⊕H˜F =
∫
x,x′
(
fα†(x) fβ†(x)
)
H(x,x′)
(
fα(x′)
fβ(x′)
)
,
(30)
in which
H(x,x′) =
(
2i Im ∆ i(2 Re ∆− hˆ)
i(2 Re ∆ + hˆ) −2i Im ∆
)
. (31)
To simplify the Hamiltonian, we define a constant uni-
tary matrix Λ,
Λ =
1√
2
(
i i
1 −1
)
, Λ†Λ = Iˆ . (32)
Using (32) a new set of fermion field ψα and ψβ can be
introduced by unitary transformaion(
fα(x)
fβ(x)
)
= Λ
(
ψα(x)
ψβ(x)
)
. (33)
In terms of the ψ fermions, the Hamiltonian (30) can be
written as
HF ⊕ H˜F =
∫
d2xd2x′×
(
ψα† ψβ†
)
x
( −hˆ(x,x′) −2∆∗(x,x′)
2∆(x,x′) hˆ(x,x′)
)(
ψα
ψβ
)
x′
.
(34)
From now on we focus on the case of px+ipy topological
superconductor, in which the pair field in the real space
with no defect is given by
∆0(x,x
′) = ρδ(2)(x− x′)(i∂x′ − ∂y′), (35)
in which ρ is a constant complex number. Moreover, we
assume that the kinetic energy part is local, which means
that it also has a factor of δ(2)(x−x′), namely, hˆ(x,x′) =
h˜(x)δ(2)(x−x′). The expression of ∆(x,x′) given by (35)
works when ρ is a constant over the real space for px+ipy
superconductors. However, when ρ = ρx is a func-
tion of position, the expression (35) leads to ∆0(x,x
′) +
∆0(x
′,x) = −[(i∂x′ − ∂y′)ρx′ ]δ(2)(x − x′). This contra-
dicts the requirement that ∆(x,x′) + ∆(x′,x) ≡ 0, to
remedy this, we have to define a new pairing field,
∆(x,x′) = ρxδ(x−x′)(i∂x′−∂y′)+1
2
[(i∂x−∂y)ρx]δ(x−x′).
(36)
In order to study the physics of vortices in the px + ipy
superconductor, we assume that the pairing field ρx has
a constant modulus and a phase which is a function of
position. In this situation a gauge field can be introduced
from the phase49, namely
ρx = |ρ|eiφx , aµ = 1
2
∂µφx. (37)
The physical meaning of the gauge field will become clear
shortly. The phase φx can be written in terms of the
gauge field as φx = 2
∫ x
aµdx
µ. Moreover the definition
leads to ∂µρx = 2iaµρx and ∂µρ
∗
x = −2iaµρ∗x. Using the
gauge field aµ, we define the covariant derivative Dµ =
∂µ+ iaµ. With these setup, the Hamiltonian (34) for the
doubled px + ipy superconductor can be written as
HF ⊕ H˜F =
∫
d2x
(
ψα† ψβ†
)
x
Hp+ip(x)
(
ψα
ψβ
)
x
,
(38)
in which
Hp+ip(x) =
( −h˜(x) 2ρ∗x(iD∗x +D∗y)
2ρx
(
iDx −Dy
)
h˜(x)
)
.
(39)
To proceed we assume that the h˜(x) terms contain no
spatial derivative, which leads to a gauge invariance for
8the Hamiltonian (38). The gauge transformation is given
by the following,
ψα(x)→ eiθxψα(x), ψβ(x)→ e−iθxψβ(x);
ρx → e−2iθxρx, aµ → aµ − ∂µθx.
(40)
From this one can read off the charges of the three matter
field ψα, ψβ and ρ as +1, −1 and −2 respectively.
III.2. Dirac fermion formulism and parity
anormaly
To proceed, we try to use the charge −1 ψβ and charge
+2 ρ∗ to form a charge +1 object, after that the Hamil-
tonian (38) can be written as a Dirac fermion formulism,
provided that the h˜(x) term doesn’t contain any spatial
derivative. To this end the following useful equations will
be useful
ρ∗xD
∗
µψ
β(x) = Dµ
(
ρ∗xψ
β(x)
)
,
ρ∗x
(
iD∗x +D
∗
y
)
ψβ(x) =
(
iDx +Dy
)(
ρ∗xψ
β(x)
)
.
(41)
Using these, we are able to bring the Hamiltonian (38)
into the following suggestive form
HF ⊕ H˜F =∫
d2x
(
ψα† eiφxψβ†
)
x
H˜p+ip(x)
(
ψα
e−iφxψβ
)
x
,
(42)
in which
H˜p+ip(x) =
( −h˜(x) 2|ρ|(iDx +Dy)
2|ρ|(iDx −Dy) h˜(x)
)
.
(43)
Now we define another fermion field
χβ(x) = e−iφxψβ(x) = e−2i
∫ x aµdxµψβ(x). (44)
It has the physical intepretation of being the fermion field
ψβ attached to a half-infinite Wilson line of the gauge
field and it has charge +1. Then the two fermions ψα
and χβ with the same charge can be paired up into Dirac
fermion
Ψ(x) =
(
ψα(x)
χβ(x)
)
. (45)
The Hamiltonian (42) can thus be written as the Dirac
Hamiltonian
HF ⊕ H˜F =2|ρ|
∫
d2x
[
Ψ†(x)
(
− h˜(x)
2|ρ|
)
σzΨ(x)+
Ψ†(x)
(
iσxDx + iσ
yDy
)
Ψ(x)
]
,
(46)
in which σx, σy and σz are Pauli matrices. We choose
the following γ matrices50,
γ0 = σz, γ1 = iσy, γ2 = −iσx. (47)
They satisfy the Clifford algebra {γµ, γν} = 2ηµν , in
which ηµν is the metric tensor. Furthermore the conju-
gate spinor can be defined as Ψ¯ = Ψ†σz = Ψ†γ0. Using
these the Hamiltonian (46) can be written as
HF ⊕ H˜F =2|ρ|
∫
d2x
[(
− h˜(x)
2|ρ|
)
Ψ¯(x)Ψ(x)+
Ψ¯(x)i
(
γ1Dx + γ
2Dy
)
Ψ(x)
]
.
(48)
The Hamiltonian (48) describes a massive Dirac fermion.
In the low energy limit we neglect the kinetic energy
part in h˜(x) and leave just the chemical potential term,
namely h˜(x)→ −µ, then the Dirac fermion mass is given
by
mΨ =
h˜(x)
2|ρ| → −
µ
2|ρ| . (49)
For µ > 0 we have mΨ < 0.
For massive Dirac fermion in (2 + 1)D as in our case,
one key result is that the low energy effective theory con-
tains a Chern-Simons term of the gauge field, the appear-
ance of which is referred to as the parity anormaly51–56.
In particular, if the energy scale we are interested in is
much smaller than the mass gap (49), integrating out the
Dirac fermion will result in an effective action
Seff =
1
4pi
sgn(mΨ)
2
∫
d3xµνλaµ∂νaλ. (50)
This action has level k = ± 12 and thus is not gauge
invariant1,10. To solve this problem we have to perform
proper regularization of the theory, after which the effec-
tive action becomes
Seff =
1
4pi
1
2
[
sgn(mΨ)− 1
] ∫
d3xµνλaµ∂νaλ. (51)
Nonzero action (51) requires that mΨ being negative,
this is equivalent to chemical potential µ > 0, namely
the condition of the strong pairing phase5. In the strong
pairing phase, the resulting level of the Chern-Simons
action is k = −1. For the doubled system, a full vortex
corresponds to a 2pi flux of the gauge field. The Chern-
Simons term poses a constraint on the charge and flux in
the system, consequencely, the 2pi flux will have a charge
±1 attached to it, this degeneracy corresponds to a com-
plex zero mode for the f fermion of the doubled system.
Because the f fermions are obtained from the Majorana
orthorgonal transformation of the two independent lay-
ers of px+ ipy superconductor by Eq. (29), each px+ ipy
superconductor layer should have a Majorana zero mode
around the corresponding vortex.
Some discussion is in order about the topological su-
perconductor. First, in the doubled px + ipy supercon-
ductor system, a one dimensional domain wall between
µ > 0 and µ < 0 phases will have a complex 1D mode
associated with it. For single layer system, the corre-
sponding 1D mode is Majorana, this can be intepreted as
9the edge state of the px + ipy superconductor. Second, a
one dimensional p-wave superconductor can be obtained
from the 2D px + ipy topological superconductor by di-
mensional reduction1,8,57. Specifically on y-direction, the
system is folded into a cylinder with radius R→ 0. The
fermionic field c(x) is replaced by cn(x), which are the
Fourier modes on y-direction. As R → 0 the only mode
left in the spectrum is n = 0. The effective Chern-Simons
action for doubled system (51) becomes1
Seff =
1
2pi
1
2
[
sgn(mΨ)− 1
] ∫
dxdtΦ(x, t)µν∂µaν , (52)
in which Φ(x, t) =
∮
dya2 is the flux. In the 1D p-wave
superconductor, there are two types of defects which can
have fermionic mode bound to it; one is the µ defect
which corresponds to the domain wall of the 2D sys-
tem mentioned before; the second one is the ∆ defect
created by a gradiant of Φ. We will discuss these in
detail within a lattice mode of 1D p-wave superconduc-
tor in the following sections. Looking forward, a dou-
bled (px + ipy) × (px − ipy) topological superconductor
system58 will have a parity and time-reversal invariant
U1(1) × U¯1(1) Chern-Simons effective field theory10, de-
tails of which is left for future study.
IV. ZERO MODE IN LATTICE MAJORANA
HOPPING MODELS: SIMPLE MODELS
We now turn to discuss Majorana zero modes in 1D
and 2D lattice Majorana hopping models. In particular,
we focus on infinite lattices and the boundaries of the lat-
tice are of little interest. For a general Majorana hopping
model, whose Hamiltonian is given by
H =
∑
ij
1
2
Aijiηiηj , Aij = −Aji. (53)
If there is a zero mode ζ =
∑
i λiηi, with its real
space wave function given by {λi}, then we have[∑
i λiηi,
∑
jk
1
2Ajkiηjηk
]
= 0; the solution to this equa-
tion is obtained by requiring that for each of the Majo-
rana fermion the coefficient is zero, which leads to∑
i
Akiλi = 0. (54)
This is the equation for the wave function of the zero
mode. Obviously it is also an eigenvector equation for
matrix {Aij} with eigenvalue zero. Since we are focusing
on zero modes bound to point-like defects, an important
requirement is the normalization condition. For wave-
function {λi}, we require that
∑
i |λi|2 converges to a
finite value, only such solution represents a defect zero
mode.
For all the Majorana hopping models, the Majorana
fermions and their sites can always be divided into two
groups α and β, the Majorana fermions are labelled by
ηiα and ηiβ . Correspondingly the hopping coefficients
are also divided into Aiαjα , Aiβjβ and Aiαjβ , so that the
Hamiltonian is given by
H =
∑
iαjβ
Aiαjβ iηiαηjβ +
1
2
∑
iαjα
Aiαjαiηiαηjα
+
1
2
∑
iβjβ
Aiβjβ iηiβηjβ .
(55)
For some Majorana hopping models, there is a possible
dividing such that all Aiαjα ≡ 0 and Aiβjβ ≡ 0, and the
Hamiltonian becomes
H =
∑
iαjβ
Aiαjβ iηiαηjβ . (56)
In this situation, we can have separate zero modes ζα =∑
iα
λiαηiα and ζ
β =
∑
iβ
λiβηiβ . The equation for the
wave function of the zero modes become∑
iα
Aiαkβλiα = 0,
∑
iβ
Akαiβλiβ = 0. (57)
This type of Majorana hopping models are referred to
as simple models and they form the building blocks of
more complex models with Majorana zero modes. In
this section, we discuss these building blocks in both one
dimension and two dimensions.
IV.1. Zero mode in 1D simple models
For 1D lattices, the wavefunction of the zero mode {λi}
forms a real number sequence. The equation for the wave-
function (54) and (57) determine the recurrence relation
of the number sequence. Each recurrence relation is rep-
resented by a characteristic equation which plays an im-
portant role in solving the sequence. The Majorana hop-
ping models can therefore be classified by the order of its
characteristic equation. Here we discuss two models, the
first order model from the decoupled Su-Schrieffer-Heeger
(SSH) model59,60 and the second order Kitaev chain30.
IV.1.1. First order zero mode in decoupled
Su-Schrieffer-Heeger models
To discuss the zero modes, we begin by considering
the simpliest 1D complex fermion hopping model, whose
Hamiltonian is given by
Hc =
∑
i
ti,i+1(c
†
i ci+1 + c
†
i+1ci), (58)
with all the hopping coefficients ti,i+1 assumed to be real.
We then decouple the complex fermions in terms of Ma-
jorana fermions c†i =
1
2 (η
α
i + iη
β
i ) and ci =
1
2 (η
α
i − iηβi ).
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FIG. 1: The Majorana representation of the
Su-Schrieffer-Heeger (SSH) model. The upper dots
represent Majorana fermion ηαi and the lower dots
represent Majorana fermion ηβi . The model decouples
into two independent Majorana hopping models
denoted by red dots with solid lines and black dots with
dashed lines. Both Majorana hopping models are simple
models.
For each site i, there are two Majorana fermions ηαi and
ηβi . The Hamiltonian can thus be written as
Hc =
∑
i
ti,i+1
i
2
(ηβi η
α
i+1 − ηαi ηβi+1). (59)
The model automatically decouples into two separate
Majorana hopping chains which do not talk to each other,
as shown by Fig. 1. Accordingly we write the Hamilto-
nian in the following way
Hc =
1
2
∑
k
(
t2k,2k+1iη
β
2kη
α
2k+1 − t2k+1,2k+2iηα2k+1ηβ2k+2
)
+
1
2
∑
k
(
− t2k,2k+1iηα2kηβ2k+1 + t2k+1,2k+2iηβ2k+1ηα2k+2
)
.
(60)
In each of the two Majorana hopping models, the Majo-
rana breaks into two groups and the Hamiltonian satisfies
the “simple model” condition as illustrated by (56). Now
we take one of the chains
Hη = −1
2
∑
k
(
t2k,2k+1iη
α
2kη
β
2k+1−t2k+1,2k+2iηβ2k+1ηα2k+2
)
.
(61)
From the equations for zero modes (57), we have the wave
function of the zero mode ζα satisfies first order recur-
rence relation t2k,2k+1λ
α
2k + t2k+1,2k+2λ
α
2k+2 = 0, which
can be solved by
λα2k+2
λα2k
= − t2k,2k+1
t2k+1,2k+2
. (62)
As long as t2k,2k+1t2k+1,2k+2
 ≤ δ < 1, for all k > 0, t2k−1,2kt2k−2,2k−1
 ≤ δ < 1, for all k < 0, (63)
the wavefunction {λi} is normalizable and peaked at po-
sition k = 0, it decays exponatially with the distance to
k = 0 (see Fig. 2). There is another zero energy so-
lution for ηβ : {λβi } which is not normalizable. So the
FIG. 2: The defect Majorana zero mode of the
decoupled Su-Schrieffer-Heeger (SSH) model. It
represents one of the Majorana hopping models in the
SSH model. The magnitudes of the Majorana hopping
coefficients are denoted by thick and thin lines
respectively. The location of the zero mode is marked
by the arrow. The nonzero components of the
wavefunction λi are denoted by red dots.α
β
FIG. 3: The Majorana representation of the Kitaev
chain. The upper dots represent Majorana fermion ηαi
and the lower dots represent Majorana fermion ηβi . The
different magnitudes of the Majorana hopping
coefficients on different bonds are denoted by thin solid
lines, thick solid lines and dashed lines respectively. The
model is a simple model because all the hopping paths
connect one ηα Majorana fermion and one ηβ Majorana
fermion.
model (61) under condition (63) has a single Majorana
zero mode at k = 0.
The complex fermion model (58) under condition (63)
is actually a Su-Schrieffer-Heeger (SSH) model with
defect59,60. The model is decoupled into two indepen-
dent Majorana layers, each of which carries a Majorana
zero mode around the defect. The complex fermion SSH
model (58) thus has a complex zero mode. To summarize,
decoupling the defected SSH model gives us the first or-
der Majorana model (61) which can act as building block
for other models.
IV.1.2. Second order zero mode in the Kitaev chain
We now turn to discuss a Majorana hopping model
whose zero mode recurrence relation has a second or-
der characteristic equation, namely the Kitaev chain30.
There are a lot of studies focusing on the edge modes of
the finite or semi-finite Kitaev chain, here in this section,
we consider the defect zero modes in a infinite Kitaev
chain. The Kitaev chain has the Hamiltonian as follows
H =
∑
i
ti(c
†
i ci+1+c
†
i+1ci)+∆i(c
†
i c
†
i+1+ci+1ci)+µi(c
†
i ci−
1
2
).
(64)
In the Hamiltonian, ti and ∆i are assumed to be real
and ti > 0. To study the model, we start by decoupling
the complex fermion into two Majorana fermions, c†i =
1
2 (η
α
i + iη
β
i ), and ci =
1
2 (η
α
i − iηβi ). The Hamiltonian (64)
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can thus be written in terms of the Majorana fermions
H =
∑
i
1
2
(ti+∆i)iη
β
i η
α
i+1+
1
2
(∆i−ti)iηαi ηβi+1+
1
2
µiiη
β
i η
α
i .
(65)
Unlike the SSH model, the Majorana Hamiltonian does
not decouple into two independent layers. As shown
by Fig. 3, the Hamiltonian (65) satisfies the “simple
model” condition, hence we can have separate possible
zero modes for ηα and ηβ . Specifically for zero mode
ζα =
∑
k λ
α
kη
α
k , we have the following recurrence relation
based on (57)
(tk + ∆k)λ
α
k+1 + µkλ
α
k − (∆k−1 − tk−1)λαk−1 = 0. (66)
Similarly for the other zero mode ζβ =
∑
k λ
β
kη
β
k , the
recurrence relation for the wavefunction is given by
(∆k − tk)λβk+1 − µkλβk − (∆k−1 + tk−1)λβk−1 = 0. (67)
For the solutions to these sequence to represent a zero
mode, an important condition is the normalizability.
For the moment, we assume that the tk and ∆k and µk
are constants that do not depend on the position k. The
recurrence relation (66) can be brought into the form
λαk+1 − xα1λαk = xα2 (λαk − xα1λαk−1), (68)
in which xα1,2 are the two solutions of the second order
characteristic equation
(∆ + t)x2 + µx− (∆− t) = 0. (69)
Also the recurrence relation (67) can be brought into the
following
λβk+1 − xβ1λβk = xβ2 (λβk − xβ1λβk−1), (70)
in which xβ1,2 are the two solutions of characteristic equa-
tion
(∆− t)x2 − µx− (∆ + t) = 0. (71)
The solutions for the characteristic equations (69) and
(71) are denoted by xα± and x
β
± respectively, they can be
obtained easily
xα± =
1
2(∆ + t)
[
− µ±
√
µ2 + 4(∆2 − t2)
]
,
xβ± =
1
2(∆− t)
[
µ±
√
µ2 + 4(∆2 − t2)
]
.
(72)
These solutions satisfy the following relations
xα+x
β
+ = 1, x
α
−x
β
− = 1. (73)
For the normalization of the zero modes, it is important
to determine whether each of these roots |xα,β± | is greater
or smaller than 1. To this end we have the following re-
sults, when |µ| < 2t and ∆ > 0, we have |xα±| < 1 and
|xβ±| > 1; when |µ| < 2t and ∆ < 0, we have |xα±| > 1 and
|xβ±| < 1. On the other hand, for |µ| > 2t, both |xα±| and
|xβ±| have one greater than 1 and the other smaller than 1.
Kitaev showed that the existence of boundary modes re-
quires that |µ| < 2t, such phase is thus referred to as topo-
logical and the phase |µ| > 2t is non-topological30. With
these results we turn to discuss the defect zero modes in
the Kitaev chain. There are two types of defects that can
be created, a µ defect or a ∆ defect.
For a µ defect, the chemical potential µ takes different
values for region k > 0 and k < 0; in particular we
assume for k > 0 domain, |µ+| < 2t and the system is in
topological phase, and for k < 0 domain, |µ−| > 2t and
the system is in non-topological phase. Both µ+ and µ−
are constants in corresponding domains and we assume
that ∆ > 0 for the entire system. For k > 0 domain the
characteristic equation for ζα to the right has two roots
|xα±| < 1. From the recurrence equation (68), assuming
xα+ 6= xα−, the wavefunction sequence is given by
λαk =
1
xα+ − xα−
[
(xα+)
k(λα1 −xα−λα0 )− (xα−)k(λα1 −xα+λα0 )
]
,
(74)
which implies that the λαk for k > 0 are fully determined
by λα1 and λ
α
0 . For zero mode ζ
β , since |xβ±| > 1, the
normalization condition cannot be met, so ζβ does not
represent a zero mode. For k < 0 domain, the character-
istic equation of ζα to the left has one root |xα0 | < 1 and
the other root |x˜α0 | > 1. From (68) we also have
λα−k−1 − x˜α0λα−k =(xα0 )k(λα−1 − x˜α0λα0 ),
λα−k−1 − xα0λα−k =(x˜α0 )k(λα−1 − x˜α0λα0 ).
(75)
Because |x˜α0 | > 1, for the mode to be normalizable, one
must have λα−1 − xα0λα0 = 0, and λα−k = (xα0 )kλα0 . The
boundary condition at k = 0 is given by
(t+ ∆)λα1 + µ0λ
α
0 + (t−∆)λα−1 = 0, (76)
in which µ0 is the value of µ at k = 0. These determine
λ±1 in terms of λ0 by
λα−1 = x
α
0λ
α
0 , λ
α
1 =
(∆− t)xα0 − µ0
t+ ∆
λα0 . (77)
Since this is the only solution, we conclude that there is
one Majorana zero mode bound with the µ defect.
For the ∆ defect, we assume that µ is a constant but
∆ > 0 for k > 0 domain and ∆ < 0 for k < 0 domain.
Both sides are in the topological phase |µ| < 2t. Let’s
call ∆ = ∆+ and ∆ = ∆− for k > 0 and k < 0 domain
respectively. For k > 0 domain the characteristic equa-
tion for ζα to the right has two roots |xα±| < 1. For k < 0,
the characteristic equation of ζα to the left also has two
roots |x˜α±| < 1. In both domains, the |xβ±| > 1, so the ζβ
is not normalizable. From Eq. (74), for k > 0 domain, λαk
are determined by λα1 and λ
α
0 and for k < 0 domain, λ
α
k
are determined by λα−1 and λ
α
0 . The boundary condition
for k = 0 is given by
(t+ ∆+)λ
α
1 + µλ
α
0 + (t+ |∆−|)λα−1 = 0. (78)
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FIG. 4: The 2D square lattice Majorana hopping model
that realizes the vortex of the px + ipy topological
superconductor. The thickness of the lines indicate the
magnitude of the Majorana hopping coefficients. The
four regions of the lattices are related by rotation of pi2
and are separated by the blue dashed lines. The lattice
vectors e1 and e2 of two regions are given by the blue
arrows. The sites on which the Majorana zero mode
wavefunction is nonzero are given by the colored dots.
The color of the site indicates the magnitude of the
wavefunction on this site, whose ratios are determined
by the magnitude of the hopping coefficients.
This eliminates one free parameter, and we are left with
two free parameters in λα−1, λ
α
0 and λ
α
1 . So there are
two zero modes bound to the ∆ defect. The ∆ defect
can be seen as a Kitaev connected to its mirror reflection
at k = 0, and the two zero modes correspond to the
boundary modes of the two half Kitaev chains.
Before moving on we point out that the first order
decoupled SSH model is a special case of the second or-
der Kitaev chain with ∆ = ±t. It is also possible to
define higher order models with next-nearest neighbour
hopping. We leave this topic for future study.
IV.2. Zero mode in a simple Majorana model on
2D square lattice
Now we move on to discuss lattice Majorana hopping
models that can host zero modes with a point defect in
two dimensions. For simplicity we consider the 2D square
lattice. The sites of the 2D square lattice can be labelled
by the x and y coordinates (i, j). The simpliest Majoana
hopping model on 2D square lattice with only nearest
neighbour hopping has the following Hamiltonian
H2D =
∑
(i,j)
itxi,jηi,jηi+1,j + it
y
i,jηi,jηi,j+1, (79)
in which txij and t
y
ij are real numbers. The Majorana
zero mode ζ =
∑
i,j λi,jηi,j is determined by the commu-
tation relation
[∑
i,j λi,jηi,j ,H2D
]
= 0. This leads to
the following generalized recurrence relation for 2D
λk−1,ltxk−1,l + λk,l−1t
y
k,l−1 − λk+1,ltxk,l − λk,l+1tyk,l = 0.
(80)
The sites of the model can be divided into A and B sub-
lattices and the hopping paths in the Hamiltonian (79)
only connect A sublattice sites to B sublattice sites. The
model (79) is thus a simple model and we can have sepa-
rate zero modes for A and B sublattices ζA and ζB , they
each has a recurrence relation (80). Furthermore, the re-
currence relation (80) is satisfied by a sufficient but not
necessary condition for x direction and y direction sepa-
rately,
λk−1,ltxk−1,l − λk+1,ltxk,l = 0,
λk,l−1t
y
k,l−1 − λk,l+1tyk,l = 0.
(81)
In general 2D Majorana hopping models with zero modes
are harder to construct than 1D models. Here we propose
and study a simple 2D model whose low energy physics
is the px + ipy topological superconductor.
To introduce the model, we take the unit cell to be two
unit squares of the square lattice with dimension 1 × 2.
The hopping coefficients are defined as A1 (from point
(i, j) to (i+ 1, j)), A2 (from (i, j) to (i, j + 1)), A3 (from
(i, j + 1) to (i + 1, j + 1)) and A4 (from (i, j + 1) to
(i, j + 2)). In one unit cell, the Majorana fermion on
(i, j) and (i, j + 1) are labelled as η1 and η2 respectively.
The Hamiltonian can then be written as
H =
∑
x
iA1η
1
xη
1
x+e1+iA2η
1
xη
2
x+iA3η
2
xη
2
x+e1+iA4η
2
xη
1
x+e2 .
(82)
In the model we define lattice vectors e1 = (1, 0), and
e2 = (0, 2).
In order to see that this model can represent px + ipy
topological superconductor in complex fermions, we pair
up the two Majorana fermions in the unit cell and define
complex fermion c†x =
1
2 (η
1
x + iη
2
x). Conversely, we have
η1x = cx + c
†
x, and η
2
x = i(cx − c†x). In terms of the
complex fermion, the Hamiltonian (82) can be written as
H =
∑
x
iA1(cx + c
†
x)(cx+e1 + c
†
x+e1)
−A2(cx + c†x)(cx − c†x)
− iA3(cx − c†x)(cx+e1 − c†x+e1)
−A4(cx − c†x)(cx+e2 + c†x+e2).
(83)
For the moment we consider the model without defect,
namely the coefficients A1 to A4 are constants for the
whole lattice. This allows us to perform Fourier trans-
formation on the complex fermion cx =
1√
N
∑
k cke
−ik·x,
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under which the Hamiltonian (83) can be written as
H =
∑
k
{[
2A1 sin(k · e1)− 2A2 + 2A3 sin(k · e1)
+ 2A4 cos(k · e2)
]
c†kck
+
(
iA1e
ik·e1 − iA3eik·e1 −A4eik·e2
)
ckc−k
+
(
iA1e
−ik·e1 − iA3e−ik·e1 +A4e−ik·e2
)
c†kc
†
−k
}
.
(84)
After the antisymmetrization, the Hamiltonian (84) is
transformed into the following
H =
∑
k
(
c†k c−k
)( Ak Bk
B∗k −A−k
)(
ck
c†−k
)
, (85)
in which we define two symbols
Ak = (A1 +A3) sin(k · e1)−A2 +A4 cos(k · e2),
Bk = (A1 −A3) sin(k · e1)− iA4 sin(k · e2). (86)
Now we consider the following choice of the coefficients
A1 = A4 = A0, A3 = −A0. (87)
Under such choice, the two parameters are given by Ak =
−A2+A0 cos(k ·e2), and Bk = 2A0 sin(k ·e1)−iA0 sin(k ·
e2). By diagonalizing the Hamiltonian we find that when
A0A2 > 0, the lowest point of the band is at |k| = 0.
In this situation, when the energy scale is low, one can
expand the parameters within the vicinity of |k| = 0,
Ak → (A0 −A2)− 1
2
A0(k · e2)2,
Bk → 2A0[(k · eˆ1)− i(k · eˆ2)],
(88)
in which we have use the fact that |e2| = 2|e1| = 2 and
eˆ2 denotes the unit vector along e2. This means that the
low energy limit of the model is the px + ipy topological
superconductor with pairing field ∆ = 2A0 being real.
Furthermore the parameter (A0 − A2) plays the role of
the chemical potential and the model is topological when
A0 −A2 > 0.
Next we consider the vortex defect in this model. To
this end we observe that in the px + ipy topological su-
perconductor, the phase of the order parameter corre-
sponds to a rotation of the lattice frame. In particu-
lar, the pairing coefficient ∆(kx − iky) can be written as
|∆|eiθ(kx − iky), which is also
|∆|
[
(cos θkx + sin θky) + i(sin θkx − cos θky)
]
. (89)
The phase of the order parameter ∆ can thus be in-
tepreted as the following rotation in local coordinate
frame, (
kx
ky
)
→
(
cos θ sin θ
− sin θ cos θ
)(
kx
ky
)
(90)
From (86) we see that in our model, a vortex can be cre-
ated by rotating eˆ1 and eˆ2 frame around some lattice
point. In commensurate with the square lattice struc-
ture, the rotation angle can only be multiples of pi2 . For
spinless fermion, a full vortex corresponds to 2pi rotation
of the frame. This can be created by dividing the lat-
tice into four regions around a certain lattice point. In
each of the region, the lattice vectors eˆ1 are given by
(1, 0), (0, 1), (−1, 0) and (0,−1) respectively. Such a lat-
tice structure with vortex can be constructed as in Fig.
4. In Fig. 4, the bonds with hopping coefficients A2 are
denoted by thinner lines, as indicated by the topological
phase condition A2 − A0 < 0; the boundaries between
the four regions are given by the blue dashed lines. The
sites in the square lattice can be divided into A and B
sublattices, we call the sublattice containing the center
of the four region (the green dot) as A sublattice. This
construction is a lattice realization of the vortex in the
continuous field theory of the px + ipy topological super-
conductor in Sec. III.
There exists a localized Majorana zero mode ζA. The
solution of its wavefunction {λAi } can be obtained by
noting the similarity between the lattice structure in Fig.
4 and the 1D SSH model discussed in Sec. IV.1.1. In Fig.
4, we label the sites with a nonzero λAi by colored dots;
the color green, blue, red etc. denote the magnitude of
λAi . If the ratio |A2A0 | = µˆ < 1, then we have | λblueλgreen | =
| λredλblue | = · · · = µˆ. It can be easily checked that such a
solution satisfies [ζA,H] = 0. The similarity between the
solution of zero mode in this 2D model and the zero mode
in the SSH model agrees with the defect classification3,20
of the topological phases as the codimension of the point
defect in 1D and 2D models are the same.
V. ZERO MODES IN LATTICE MAJORANA
HOPPING MODELS: COMPOSITE MODELS
AND GENERALIZATIONS
Having discussed simple Majorana hopping models
that carry Majorana zero modes, we now move on to
discuss composite models and generalizations. In par-
ticular, we will be using the result that for a composite
model of independent Majorana layers, the zero modes of
the model have one-to-one correspondence with the zero
modes in each layer, which is proved in Sec. II.4. To con-
struct a composite model with one defect Majorana zero
mode, we stack two layers of Majorana hopping models as
in Eq. 6, one layer has no Majorana zero mode, the other
layer has a single defect Majorana zero mode. By Ma-
jorana orthogonal transformation the Hamiltonian of the
system is transformed into Eq. 8. Following this proce-
dure, we consider two 1D models, the first one is obtained
by stacking two layers of the Kitaev chain; the second one
is given by two layers of generalized Kitaev chain, which
is also known as the Creutz Majorana model61.
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V.1. Two independent Kitaev chains
In this section we construct a new model with Majo-
rana zero mode by Majorana orthogonal transformation
of two independent Kitaev chains. The first chain has
the Hamiltonian
H = 1
2
∑
i
(t+ ∆)iηβi η
α
i+1 + (∆− t)iηαi ηβi+1 + µiiηβi ηαi .
(91)
The second chain has the following Hamiltonian
H˜ = 1
2
∑
i
(t˜+ ∆˜)iη˜βi η˜
α
i+1 + (∆˜− t˜)iη˜αi η˜βi+1 + µ˜iiη˜βi η˜αi .
(92)
In general, the corresponding parameters in the two
chains t, t˜ and ∆, ∆˜ need not be the same, but here we
adopt a princeple to make the resulting complex fermion
model as simple as possible; so for the two chains (91)
and (92) we take t˜ = t and ∆˜ = ∆, but µi and µ˜i are not
the same. We also assume that t and ∆ are constants for
the entire system and t > 0. Following Eq. 6 to Eq. 8 we
can work out the Majorana orthogonal transformation
for system H⊕ H˜, which is given by
H⊕ H˜ =
∑
i
i(t+ ∆)(cβ†i c
α
i+1 + c
β
i c
α†
i+1)
+ i(∆− t)(cα†i cβi+1 + cαi cβ†i+1)
+
1
2
i(µi − µ˜i)(cβi cαi + cβ†i cα†i )
+
1
2
i(µi + µ˜i)(c
β†
i c
α
i + c
β
i c
α†
i ).
(93)
Here we use Eq. 7 to pair up ηαi , η˜
α
i into complex fermion
cαi and η
β
i , η˜
β
i into complex fermion c
β
i .
Now one can use the results for individual Kitaev chain
to creat Majorana zero mode in this model. Specifically
we set the first chain (91) to be a Kitaev chain with a µ
defect and a corresponding Majorana zero mode and the
second chain (92) to be a Kitaev chain without any Ma-
jorana zero mode. To achieve this, we take the following
choice for the chemical potential; first for i > 0, µi and µ˜i
both take constant values with the definition µi = µ+,
µ˜i = µ˜+; also for i < 0, both µi and µ˜i are constants
different from those for i > 0, and we define µi = µ−,
µ˜i = µ˜−. These constants satisfy the relations µ˜− = µ−
and µ˜+ = 2µ− − µ+. We also require that |µ−| > 2t
and |µ+| < 2t. Since both |µ˜±| > 2t, the second layer
(92) is in non-topological phase and thus hosts no Majo-
rana zero mode. In the first Kitaev chain (91), there is
a µ defect at i = 0 separating a topological half and a
non-topological half. So there is a Majorana zero mode
localized at i = 0 in the first chain. Therefore the double-
layer system (93) has one Majorana zero mode at defect
i = 0. Further Majorana orthogonal transformation can
simplify the double-layer Hamiltonian, specifically under
phase rotation cβ†i → icβ†i , the Hamiltonian (93) can be
written as
H⊕ H˜ =
∑
i
(t+ ∆)(cβ†i c
α
i+1 + c
α†
i+1c
β
i )
+ (t−∆)(cα†i cβi+1 + cβ†i+1cαi )
+ µ−(c
β
i c
α
i + c
α
i c
β
i ) + δi(c
β†
i c
α†
i + c
α
i c
β
i ),
(94)
in which for i < 0, δi = 0 and the system is an insulator
whereas for i > 0, δi = µ+ − µ− and the system is a
superconductor. So the system (94) is a superconductor-
insulator heterostructure. It has a Majorana zero mode
at the defect i = 0.
In order to make contact with real systems, one can
assign spin to the two types of fermions cαi and c
β
i . Here
we choose the following
cβ2k → c2k,↑, cα2k+1 → c2k+1,↑;
cα2k → c2k,↓, cβ2k+1 → c2k+1,↓.
(95)
With the spin assignment, the Hamiltonian (94) can be
written as H⊕ H˜ = H0 +Hsoc +Hsc, in which
H0 =
∑
i
[∑
σ
t(c†i,σci+1,σ) + µ−c
†
i,↑ci,↓
]
+ h.c.,
Hsoc =
∑
k
[∑
σ
(∆ · σ)(c†2k,σc2k+1,σ − c†2k+1,σc2k+2,σ)
]
+ h.c.,
Hsc =
∑
k
[
δk(c
†
2k,↑c
†
2k,↓ − c†2k+1,↑c†2k+1,↓)
]
+ h.c..
(96)
In the spin-orbit coupling termHsoc, we assume ∆·σ = ∆
for σ =↑ and ∆ · σ = −∆ for σ =↓. Further phase
rotations may bring the Hamiltonian into simplier form,
for example, c†2k+1,σ → ic†2k+1,σ, but here we will not
continue to discuss different possible forms of (94).
V.2. Generalized Kitaev chain and the Creutz
Majorana model
In previous sections, all the building blocks of the zero
mode models are simple models. Here we move on to
consider a Majorana hopping model that is not a simple
model. In other words, its Majorana fermions cannot be
separated into two groups with the hopping paths only
connecting Majorana fermion from one group to that of
the other group. The Majorana hopping model we are
going to consider has the following Hamiltonian, with two
Majorana fermions ηαi and η
β
i on each site,
H =
∑
i
iµiη
β
i η
α
i +
1
2
it(ηαi η
α
i+1 − ηβi ηβi+1)
+
1
2
ig(ηαi η
β
i+1 − ηβi ηαi+1).
(97)
As we are going to show below, this model is a generalized
Kitaev chain (see Fig. 5).
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FIG. 5: The Majorana representation of the generalized
Kitaev chain. The upper dots represent Majorana
fermion ηαi and the lower dots represent Majorana
fermion ηβi . The different magnitudes of the Majorana
hopping coefficients on different bonds are denoted by
thin solid lines, thick solid lines and dashed lines
respectively. The model is not a simple model because
there are hopping paths connect one ηα Majorana
fermion and another ηα Majorana fermion. It can be
transformed into the Kitaev chain by Majorana
orthogonal transformation.
We start by considering the general possible zero mode
ζ =
∑
i λ
α
i η
α
i +λ
β
i η
β
i . The zero mode condition [ζ,H] = 0
implies the following recurrence relations for λαi and λ
β
i ,
2µiλ
β
i − g(λβi+1 + λβi−1) + t(λαi−1 − λαi+1) = 0,
−2µiλαi + g(λαi−1 + λαi+1)− t(λβi−1 − λβi+1) = 0.
(98)
To solve these equations we introduce the variable δi =
1√
2
(λβi − λαi ). The addition of the two equations in (98)
gives the following recurrence relation for δi,
2µiδi − (g − t)δi+1 − (g + t)δi−1 = 0. (99)
Also we can introduce another variable σi =
1√
2
(λβi +λ
α
i ).
The substraction of the two equations in (98) gives the
following recurrence relation for σi,
2µiσi − (g + t)σi+1 − (g − t)σi−1 = 0. (100)
Notice that any general Majorana mode ξ =
∑
i λ
α
i η
α
i +
λβi η
β
i can be written as ξ =
∑
i σi
1√
2
(ηαi +η
β
i )+δi
1√
2
(ηβi −
ηαi ). The rotation from η
α
i and η
β
i to
1√
2
(ηαi + η
β
i ) and
1√
2
(ηβi − ηαi ) is an orthogonal transformation. So σi and
δi are the transformed coefficients from λ
α
i and λ
β
i un-
der a local Majorana orthogonal transformation for all
the sites. The recurrence relation for the σi and δi basis,
namely Eq. (99) and Eq. (100) are second order; also
they are the same as the recurrence relations of the Ki-
taev chain in (66) and (67). Therefore the model (97)
is a generalized Kitaev chain by Majorana orthogonal
transformation. From the results of the Kitaev chain,
the topological phase of model (97) requires |µ| < |g|,
under which the model has boundary Majorana modes.
Another easy way to see that the Hamiltonian (97) rep-
resents the Kitaev chain is by defining complex fermion
degree of freedom f†i =
1
2 (η
α
i +iη
β
i ). Comparing with Eq.
1 to Eq. 4 we see that the Hamiltonian (97) represents
a Kitaev chain (64) for the fi fermion but with pairing
coefficient ∆ being an imaginary number. The original
definition of the Kitaev chain allows ∆ to be complex30.
To bring ∆ to a real number and thus transform the
model to the simple Kitaev chain, one has to do a phase
rotation fi → eiθfi, in which θ is a constant angle. The
phase rotation corresponds to the local orthogonal trans-
formation on the Majorana fermions.
For the next step we consider stacking two gener-
alized Kitaev chain (97) together and build another
model by Majorana orthogonal transformation. The
first model has Majorana fermion η˜αi and η
β
i , and the
parameters are given by µ = w + ∆, g and t. The
second model has Majorana fermion η˜βi and η
α
i , and
the parameters are given by µ = ∆ − w, −g and t.
In other words, there are four Majorana fermions per
site ηα,βi and η˜
α,β
i , the total Hamiltonian is give by
Hc = Hw+∆,g,t(η˜αi , ηβi )⊕H∆−w,−g,t(η˜βi , ηαi ) in which the
original Hamiltonian Hµ,g,t(ηαi , ηβi ) is given by Eq. 97.
The total Hamiltonian is given by
Hc =
∑
i
[
i(w + ∆)ηβi η˜
α
i +
1
2
it(η˜αi η˜
α
i+1 − ηβi ηβi+1)
− 1
2
ig(ηβi η˜
α
i+1 − η˜αi ηβi+1)
]
+[
− i(w −∆)ηαi η˜βi +
1
2
it(η˜βi η˜
β
i+1 − ηαi ηαi+1)
+
1
2
ig(ηαi η˜
β
i+1 − η˜βi ηαi+1)
]
.
(101)
Under Majorana orthogonal transformation, we can ap-
ply interlayer pairing to the Majorana fermions and de-
fine two complex fermions for each site, c†i =
1
2 (η
α
i + iη
β
i )
and d†i =
1
2 (η˜
α
i + iη˜
β
i ). Using the complex fermions, the
total Hamiltonian (101) can be written as
Hc =
∑
i
[
2wc†idi + it(d
†
idi+1 − c†i ci+1)
− g(c†idi+1 + d†i ci+1) + 2∆c†id†i
]
+ h.c..
(102)
As for the case discussed in the previous section, we can
assign spins to the fermions to achieve a simplier form
for the Hamiltonian. To this end, we define di = c˜i↓
and ci = c˜i↑ as two components of a spinfull complex
fermion. Furthermore we can introduce the Dirac spinor
for every site ψi = (c˜i↑, c˜i↓)
T
. The Hamiltonian (102)
can be written as
Hc =
∑
i
[
wψ†iσ
xψi−ψ†i (itσz+gσx)ψi+1+2∆c†i↑c†i↓
]
+h.c.,
(103)
in which σx and σz are Pauli matrices. This model (103)
is also known as the Creutz Majorana model61–63.
For the existence of a single Majorana boundary mode,
we require that one and only one of the two layers of the
total Hamiltonian (101) is in topological phase. This
means that we either have |w + ∆| < g or |∆ − w| < g.
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To this end we can define a Z2 topological number for
the model,
M = sgn[(w+∆+g)(w+∆−g)(w−∆+g)(w−∆−g)].
(104)
if one of the layer is in the topological phase the number is
−1, and we have single Majorana boundary mode; other-
wise the number is +1 and we have either zero Majorana
mode or two Majorana modes on the boundary, these
two situations are equivalent in the sense that the two
Majorana boundary modes are not stable against local
perturbations. The topological number M agrees with
the Majorana number obtained by Ref. 61 from analysis
of the spectrum. Moreover, the defect zero modes of the
model (103) can be discussed in a similar way as in the
Kitaev chain in Sec. IV.1.2, and it is left for future study.
V.3. Discussion
The building blocks of the composite lattice models
considered in this work are limited to simple models or
those which can be transformed into simple models by
Majorana orthogonal transformations. Certainly models
which cannot be transformed into simple models can be
introduced. For example, the Kitaev chain parameters t,
and ∆ in (64) can be chosen in a way that are not possible
to be transformed into real numbers simultaneously; or
equivalently, the model has no time reversal symmetry.
The possible zero modes on the edges and defects in this
type of model need separate considerations. This is left
for future study.
The discussions on the two independend Kitaev chain
and the Creutz Majorana model can be generalized to
other models. On a broader perspective, the method of
Majorana orthogonal transformation can be used in any
1D lattice models; it gives a real-space perspective inde-
pendent of spectrum analysis for existing models not lim-
ited to the ones considered here64,65, and can be used to
construct new models hosting Majorana zero modes. An-
other possible generalization of the method is in exactly
solvable interacting models, including the ones discussed
in Sec. II.5 and in spin chains. Specifically, some spin
chains can be mapped into free fermionic models by the
Jordan-Wigner (JW) transformation1,66,67 and thus have
corresponding topological properties of the free fermionic
models68. In the Appendix A, we briefly discuss the sit-
uation in which the spin chain is mapped into the decou-
pled SSH model as in Sec. IV.1.1.
The methods can be applied to 2D lattice models as
well. In particular we construct a model in Sec. IV.2
which has point-defect Majorana zero modes. We can
introduce another layer of Majorana fermions with iden-
tical lattice structure but hopping coefficients all equal
on the bonds. The new layer host no localized Majo-
rana zero mode, therefore the two layer system has a
single defect Majorana zero mode. However, the system
Hamiltonian after Majorana orthogonal transformation
is complex with different superconducting pairing coef-
ficients and hopping coefficients on neighbouring bonds,
so we will not discuss it in detail here.
VI. CONCLUSION AND OUTLOOK
In this paper we have discussed the application of Ma-
jorana orthogonal transformation to the study of Majo-
rana zero modes in various models. Specifically for the
2D continuous px + ipy topological superconductor, we
show that the doubled system can be described by a mas-
sive Dirac fermion theory with parity anormaly. This of-
fers an intepretation of the vortex Majorana zero mode
of the px + ipy topological superconductor. For lattice
models hosting Majorana zero modes, we perform real
space analysis on the wavefunction of the Majorana zero
modes. To this end, we introduce the concept of sim-
ple models and use it to classify the 1D lattice models
by the recurrence relation of their zero mode wavefunc-
tions. Specifically we consider the decoupled SSH model
as first order model and the Kitaev chain as second or-
der model. For 2D lattice models, we construct a simple
Majorana layer that represents the px + ipy supercon-
ductor at low energy which hosts one defect Majorana
zero mode. Finally we show that Majorana orthogonal
transformation can be used to construct composite mod-
els with Majorana zero modes. To do this, we stack two
layers of the models, each of which has its own Majo-
rana zero mode distribution. The Majorana orthogonal
transformation then glue the two layers together into a
single model which inherits the independent zero modes
of the two layers. We give two examples for the construc-
tion, one with two Kitaev chains and the other with two
generalized Kitaev chains. These composite models can
have spinful complex fermion as matter field and are thus
more relevant to experiments.
The construction of composite lattice models hosting
Majorana zero modes and the doubling of continuous
model by Majorana orthogonal transformation indicate
that free fermionic topological systems can be added to-
gether to form another topological system. Indeed, this
has been used to argue that equivalent classes of defect
Hamiltonians have group structure3,4,20 and our construc-
tion gives real space examples for this process. With re-
gard to topological phases, our real space analysis does
not rely on the topological numbers computed in the
momentum space; but it may have some relations with
the topological numbers computed in real space15,69–71,
such relations are left for future study. Another natural
question to ask is how the different symmetries in com-
plex fermion models manifest in the Majorana hopping
models. In particular, different pairings of the Majorana
fermions may result in different time-reversal properties
of each Majorana fermion. Those differences may lead
to different physical properties of the resulting complex
fermion models but they will not change the topological
properties such as the existence of zero modes. Detailed
17
analysis on this is left for the future.
Our discussion on the Majorana zero modes has been
restricted to models without disorders. But it is easy to
see that the defect Majorana zero mode in decoupled SSH
model is robust under disorders. The effects of disorder
in the Kitaev chain have also been studied72. To study
the effects of disorders on the Majorana zero modes, the
methods based on the number sequence of the wavefunc-
tion applied in this paper can be generalized to trans-
fer matrix method72–75. Another direction that is worth
exploring is the effects of interaction. In general it is
expected that interaction has a strong influence on topo-
logical phases76,77. Specifically for 1D system, Fidkowski
and Kitaev considered stacking a number of Kitaev chain
together and showed that with time reversal symmetry,
the interaction terms breaks the original Z topological
classification of the Kitaev chain down to Z8
78,79. The in-
fluence of interaction terms on the Majorana zero modes
in 1D has been studied for different systems80–83. From
our perspective, it is possible to discuss the Majorana or-
thogonal transformations for the interacting systems with
quartic Majorana terms. All these interesting topics are
left for future study.
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Appendix A: Zero mode in spin 1
2
XY chain
In this section we consider possible zero modes and
topological phase that can appear in a spin 12 XY chain,
whose Hamiltonian can be generally written as Hσ =
∑
i Ji,i+1(σ
+
i σ
−
i+1 + σ
+
i+1σ
−
i ), in which we use σ
±
i to de-
note the spin 12 raising and lowering operators. Us-
ing Jordan-Wigner (JW) transformation, the complex
fermion hopping model and the spin 12 XY chain can be
mapped into each other1,66,67. The JW transformation
reads
c†i = σ
+
i e
−ipi∑i−1j=1 12 (1+σzj ) = i−1∏
j=1
(−σzj )σ+i , (A1)
under which the Su-Schrieffer-Heeger model Hamiltonian
(58) discussed in Sec. IV.1.1 can be mapped into the
spin 12 XY chain, with a specific distribution of Ji,i+1. In
particular, the resulting spin chain Hamiltonian can be
written as
Hσ =
∑
i
Jαi (σ
+
2iσ
−
2i+1 + h.c.) + J
β
i (σ
+
2i+1σ
−
2i+2 + h.c.),
(A2)
in which we have Jαi < J
β
i for every unit cell. We will
refer to this Hamiltonian as spin SSH model.
In the spin SSH model (A2), a defect can be created
like the one in the fermionic SSH model. If the defect is
at i = 0, then for i > 0, we have Jαi < J
β
i but for i < 0,
we have Jαi > J
β
i (see Fig. 2). In this situation there is
a corresponding spin zero mode
S˜+ =
∑
k
λk
k−1∏
j=1
(−σzj )σ+k , (A3)
with
λ0 = 1, λk =
Jα1
Jβ1
Jα2
Jβ2
· · · J
α
m
Jβm
δk,2m. (A4)
The spin zero mode satisfies [S˜+,Hσ] = 0. Because of
the JW transformation, the spin zero mode behaves like
a complex fermion.
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